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On the resurgent approach
to E´calle-Voronin’s invariants
Artem Dudko, David Sauzin
Abstract
Given a holomorphic germ at the origin of C with a simple parabolic fixed point, the
Fatou coordinates have a common asymptotic expansion whose formal Borel transform is
resurgent. We show how to use E´calle’s alien operators to study the singularities in the
Borel plane and relate them to the horn maps, providing each of E´calle-Voronin’s invariants
in the form of a convergent numerical series. The proofs are original and self-contained, with
ordinary Borel summability as the only prerequisite.
Keywords: Complex dynamics, Ecalle-Voronin invariants, Resurgent functions.
1 Alien operators for simple 2piiZ-resurgent series
We first present an extension of the classical Borel-Laplace summation theory [Ram93], [Mal95],
[Sau14b], to be applied to the formal Fatou coordinate of a simple parabolic germ in next section.
We denote by Clog the Riemann surface of the logarithm viewed as the universal cover of C
∗
with base-point at 1. For β1, β2 ∈ C with Reβ1,Re β2 > −1 and φˆ1 ∈ ζ
β1C{ζ}, φˆ2 ∈ ζ
β2C{ζ},
we extend the usual convolution and define φˆ1 ∗ φˆ2 ∈ ζ
β1+β2+1C{ζ} by
φˆ1 ∗ φˆ2(ζ) :=
∫ 1
0
φˆ1
(
(1− t)ζ
)
φˆ2(tζ)ζ dt for ζ ∈ Clog with |ζ| small enough.
For β ∈ C with Reβ > −1, we extend the classical formal Borel transform by defining
B : φ˜ =
∑
n≥0
cnz
−n−β−1 ∈ z−β−1C[[z−1]] 7→ φˆ :=
∑
n≥0
cn
ζn+β
Γ(n+β+1) ∈ ζ
β
C[[ζ]].
Observe that if Bφ˜1 = φˆ1 ∈ ζ
β1C{ζ} and Bφ˜2 = φˆ2 ∈ ζ
β2C{ζ} then B(φ˜1φ˜2) = φˆ1 ∗ φˆ2.
Definition 1.
– Given β ∈ C with Reβ > −1, if φˆ ∈ ζβC{ζ} converges for any ζ on Clog with |ζ| < 2π
and extends analytically along any path of C \ 2πiZ issuing from 1, then φˆ and φ˜ = B−1φˆ
are said to be 2πiZ-resurgent.
– Given ω ∈ 2πiZ and a path Γ in C \2πiZ going from 1 to ω+1, if φˆ is 2πiZ-resurgent and
if its analytic continuation along Γ, which is a holomorphic germ contΓ φˆ at ω + 1, takes
the form
contΓ φˆ(ω + ζ) =
c
2πiζ
+ χˆ(ζ)
log ζ
2πi
+ Rˆ(ζ) for ζ > 0, (1)
where c ∈ C and χˆ, Rˆ ∈ C{ζ}, then φˆ and φ˜ = B−1φˆ are said to be (ω,Γ)-simple.
– In the above situation, we set Aˆ Γω φ˜ := χˆ, which is the monodromy of ζ 7→ contΓ φˆ(ω + ζ)
around 0, and A Γω φ˜ := c+B
−1χˆ ∈ C[[z−1]]. The operator A Γω thus defined on the space
of all (ω,Γ)-simple formal series is called the alien operator associated with (ω,Γ).
(Observe that Aˆ Γω φ˜ is itself 2πiZ-resurgent because contΓ φˆ(ω + ζ) extends analytically along
any path of C \ 2πiZ.)
Definition 2. Let φˆ be 2πiZ-resurgent. We say that φˆ is of finite exponential type in non-
vertical directions if, for any path γ of C \ 2πiZ going from 1 to ζ∗ ∈ iR and any δ0 ∈ (0, π/2),
there exist C0, R0 > 0 such that∣∣∣contγ φˆ(ζ∗ + t eiθ)∣∣∣ ≤ C0 eR0t for all t ≥ 0 and θ ∈ [−δ0, δ0] ∪ [π − δ0, π + δ0]. (2)
We omit the proof of the following technical statement.
Lemma 1. Let φ˜0 ∈ z
−1
C[[z−1]] be 2πiZ-resurgent with φˆ0 := Bφ˜0 of finite exponential type
in non-vertical directions. Let φ˜ := z−αφ˜0 ∈ z
−β−1
C[[z−1]], where α, β ∈ C and Reβ > −1.
Then φˆ := Bφ˜ ∈ ζβC{ζ}. Moreover, for any simple curve γ : (0,+∞) → C \ 2πiZ of the form
γ(t) = tu0 for t < t0 and γ(t) = c + tu1 for t > t1, with |u0| = |u1| = 1, u1 6= ±i, c ∈ C and
0 < t0 < t1, and for any lift γ˜ of γ in Clog, the germ φˆ admits analytic continuation along γ˜
and ∫
γ˜
e−zζ φˆ(ζ) dζ = z−α
∫
γ
e−zζφˆ0(ζ) dζ (3)
for all z ∈ Clog with arg z ∈ (−θ −
π
2 ,−θ +
π
2 ) and Re(ze
iθ) large enough, where θ ∈ R is the
argument of u1 which determines the asymptotic direction of γ˜.
In particular, Lθφˆ(z) :=
∫ eiθ∞
0 e
−zζ φˆ(ζ) dζ is well defined and coincides with z−αLθφˆ0(z) for
z ∈ Clog as above.
Lemma 2. Let θ ∈ (−π2 ,
π
2 ) ∪ (
π
2 ,
3π
2 ) and denote by Hθ a θ-rotated Hankel contour, i.e. a
contour in Clog which goes along a ray from e
i(θ−2π)∞ to ei(θ−2π)ε (with 0 < ε < π), circles
counterclockwise 0 and then follows the ray from eiθε to eiθ∞. Suppose that φˆ is (ω,Γ)-simple
and ζ 7→ contΓ φˆ(ω + ζ) has at most exponential growth along Hθ, then∫
Hθ
e−zζ contΓ φˆ(ω + ζ) dζ = c+ L
θχˆ(z),
where A Γω B
−1φˆ = c+B−1χˆ, arg z ∈ (−θ − π2 ,−θ +
π
2 ) and Re(ze
iθ) >> 0.
Proof. The term c2πiζ contributes c, the remainder contributes
∫ eiθ∞
eiθε e
−zζ χˆ(ζ) dζ+O(ε|ln ε|).
Lemma 3. If b0 ∈ C{z
−1} and φ˜ is 2πiZ-resurgent, then the formal series b0φ˜ and Cid+b0 φ˜ :=
φ˜ ◦ (id+b0) are 2πiZ-resurgent. If moreover φ˜ is (ω,Γ)-simple, then they are also (ω,Γ)-simple,
with
A
Γ
ω (b0φ˜) = b0 A
Γ
ω φ˜, A
Γ
ω Cid+b0 φ˜ = e
−ωb0Cid+b0 A
Γ
ω φ˜.
Idea of the proof. Start with b0 ∈ z
−1
C{z−1}, hence bˆ0(ζ) is entire; ψ˜1 := b0φ˜ and ψ˜2 :=
Cid+b0 φ˜− φ˜ have Borel images
ψˆj(ζ) =
∫ ζ
0
Kj(ξ, ζ)φˆ(ξ) dξ for ζ ∈ Clog with |ζ| < 2π, j = 1, 2, (4)
where K1(ξ, ζ) = bˆ0(ζ − ξ) and K2(ξ, ζ) =
∑
k≥1
(−ξ)k
k! bˆ
∗k
0 (ζ − ξ) are holomorphic in C × C
(cf. the proof of Lemma 2 in [DS13]). The analytic continuation of ψˆ1 or ψˆ2 along a path
γ : [0, 1]→ C\2πiZ is thus given by the same integral as (4), but integrating on the concatenation
[0, γ(0)] + γ + [γ(1), ζ]. It is then possible to analyze the singularities of ψˆ1 and ψˆ2 at ω. We
omit the details.
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The above is inspired by E´calle’s resurgence theory [Eca81]. In fact, 2πiZ-resurgent series
are stable under multiplication (see [Eca81], [Sau13] or [Sau14a]), and so are the (ω,Γ)-simple
ones, but we shall not require these facts in this article, nor the far-reaching extension of the
framework which allows to define alien operators or alien derivations in much more general
situations.
2 The singular structure of the formal Borel transform of the
formal Fatou coordinate
We use the same notations as in [DS13]: f = (id+b) ◦ (id+1) = z + 1 − ρz−1 + O(z−2) is a
simple parabolic germ at∞; under the change of unknown v(z) = z+ρ log z+ϕ(z) the equation
v ◦ f = v + 1 is transformed into
Cid−1ϕ = Cid+bϕ+ b∗, b∗(z) := b(z) + ρ log
1+z−1b(z)
1−z−1
∈ z−2C{z−1} (5)
which has a unique solution ϕ˜ ∈ z−1C[[z−1]], shown to be 2πiZ-resurgent and Borel summable.
Setting ϕˆ := Bϕ˜, one gets two normalized Fatou coordinates v±∗ (z) = z+ρ log z+L
±ϕˆ(z), where
L
+ϕˆ(z) and L−ϕˆ(z) are Laplace transforms along R+ and R−, holomorphic for arg z ∈ (−π, π)
and arg z ∈ (0, 2π), and a pair of normalized lifted horn maps h
up/low
∗ = v
+
∗ ◦ (v
−
∗ )
−1 (or E´calle-
Voronin modulus—see [Eca81], [Vor81], [DS13]):
hup∗ (Z) = Z +
∑
m≥1
Ame
2πimZ for ImZ >> 0,
hlow∗ (Z) = Z − 2πiρ+
∑
m≥1
A−me
−2πimZ for ImZ << 0.
We are interested in the E´calle-Voronin invariants Am, m ∈ Z
∗.
Let ω ∈ 2πiZ∗ and Γ be a path in C \ 2πiZ going from 1 to ω + 1. In general ϕ˜ is not
(ω,Γ)-simple, but we shall directly prove that, up to a linear combination of monomials, zρωϕ˜
is (ω,Γ)-simple. More precisely, we shall prove the (ω,Γ)-simplicity of Φ˜ := zρω{ϕ˜}N , with the
notation
ϕ˜ = [ϕ˜]N + {ϕ˜}N , [ϕ˜]N ∈ Span(z
−1, z−2, . . . , z−N ), {ϕ˜}N ∈ z
−N−1
C[[z−1]],
where N ≥ max{0,−2Reα} is integer, with α := −ρω. Observe that Φ˜ ∈ z−β−1C[[z−1]] with
β := α + N and Reβ ≥ 0. We shall also compute A Γω Φ˜ and relate it to the lifted horn maps
of f .
We first introduce an auxiliary sequence of formal series, using the same operator
E : z−2C[[z−1]]→ z−1C[[z−1]]
inverse of Cid−1 − Id as in [DS13], but replacing B with
Bω : ψ˜ 7→ e−ωb∗Cid+bψ˜ − ψ˜ = e
−ωb∗Bψ˜ + (e−ωb∗ − 1)ψ˜.
Proposition. The formal series Ψ˜k = (EB
ω)k1 ∈ z−kC[[z−1]] yield a formally convergent
series
∑
Ψ˜k and
∑
k≥0 Ψ˜k = e
−ωϕ˜. For each k ≥ 1, Ψ˜k is 2πiZ-resurgent and, for any ε, L > 0,
there exist C0,M > 0 such that
|contγ BΨ˜k| ≤ C0
Mk
k!
, for all k ≥ 1 and γ ∈ Rε,L,
3
where Rε,L is the set of all paths of length < L issuing from 1 and staying at distance > ε from
2πiZ.
Proof. Let cω := e−ωb∗ − 1. The estimates are obtained by adapting the proof of Lemma 2 of
[DS13], with a new kernel function Kω(ξ, ζ) = cˆω(ζ−ξ)+
∑
k≥1
(−ξ)k
k! bˆ
∗k(ζ−ξ)+
∑
k≥1
(−ξ)k
k! (cˆ
ω ∗
bˆ∗k)(ζ − ξ). The formal series Ψ˜ :=
∑
k≥0 Ψ˜k is the unique solution with constant term 1 of
Cid−1Ψ˜ = e
−ωb∗Cid+bΨ˜—so is e
−ωϕ˜, as can be seen by exponentiating (5).
Since Re β ≥ 0, the operator Cid−1− Id maps z
−β−1
C[[z−1]] to z−β−2C[[z−1]] bijectively; we
denote by Eβ the inverse, whose Borel counterpart is the multiplication operator
Eˆβ : φˆ(ζ) ∈ ζ
β+1
C[[ζ]] 7→
1
eζ − 1
φˆ(ζ) ∈ ζβC[[ζ]].
We introduce an operator
Bα : φ˜ ∈ z
−β−1
C[[z−1]] 7→ cαCid+bφ˜− φ˜ ∈ z
−β−2
C[[z−1]],
with cα :=
(
1+z−1b
1−z−1
)α
∈ 1 + z−1C{z−1}.
Theorem 1. Let bα := z
−α(1− z−1)−αbN , with bN := b∗ − Cid−1[ϕ˜]N + Cid+b[ϕ˜]N .
– The formal series Φ˜k(z) := (EβBα)
kEβbα ∈ z
−β−1
C[[z−1]], k ≥ 0, are (ω,Γ)-simple, and
so is z−α{ϕ˜}N .
– For any ε, L > 0, there exist C0,Λ > 0 with Λ < 1 such that, for each γ ∈ Rε,L,
|contγ BΦ˜k| ≤ C0Λ
k. Moreover Φˆ :=
∑
k≥0 BΦ˜k coincides with the formal Borel transform
of z−α{ϕ˜}N .
– There exist complex numbers SΓω,k, k ≥ 0, which are O(Λ
k) for some Λ < 1 and satisfy
A
Γ
ω Φ˜k =
∑
k1+k2=k
SΓω,k1Ψ˜k2 for each k ≥ 0, (6)
A
Γ
ω (z
−α{ϕ˜}N ) = S
Γ
ω e
−ωϕ˜ where SΓω =
∑
k≥0
SΓω,k. (7)
Theorem 2. For m ∈ Z∗, let Γm denote the line segment going from 1 to 2πim+ 1. Then the
E´calle-Voronin invariants of f are given by
A−m = S
Γm
2πim e
−4π2mρ if m > 0, A−m = −S
Γm
2πim if m < 0.
Remark 1. When α 6= 0, the series of formal series
∑
Φ˜k is not convergent for the topology
of the formal convergence (but it converges for the product topology z−β−1C[[z−1]] ≃ CN) and,
unless −α ∈ N or SΓω = 0, the singularity at ω of contΓ Bϕ˜ is not “simple”: it is rather of the
form contΓ Bϕ˜(ω+ζ) =
1
Γ(−α)S
Γ
ωζ
−α−1(1+O(|ζ|))+O(1) if α /∈ Z or (−1)
αα!
2πi S
Γ
ωζ
−α−1(1+O(|ζ|))
if α ∈ N.
Remark 2. Theorem 2 can be extracted from [Eca81], which gives detailed proofs only for
the case ρ = 0, and also the case Γ = Γm of (7) with the equivalent formulation ∆
+
ωm
ϕ˜ =
Amz
−ρωme−ωmϕ˜ (“Bridge equation”), where ωm = 2πim. The name “resurgence” evokes the
fact that the singular behaviour near ωm of the analytic continuation of a germ at 0 like Φˆ can
be explicitly expressed in terms of Φˆ itself.
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The representation of Φˆ = B(z−α{ϕ˜}N ) as the convergent series
∑
Φˆk =
∑
B
(
(EβBα)
kEβbα
)
and the computation of the action of the alien operator A Γω in (6)–(7) are new. The point is
that A Γω Φ˜k = S
Γ
ω,k +O(z
−1), so Equation (6) says that
contΓ Φˆk(ω+ζ) =
SΓω,k
2πiζ
+Aˆ Γω Φ˜k(ζ)
log ζ
2πi
+regular germ, Aˆ Γω Φ˜k =
∑
k1+k2=k, k2≥1
SΓω,k1Ψˆk2 ∈ C{ζ}.
The numbers SΓω,k appear as generalized residua, for which we can give quite explicit formulas:
Addendum to Theorem 1. Let cˆ∗ := B(cα − 1), which is an entire function, and
Kα(ξ, ζ) = cˆ∗(ζ − ξ) +
∑
k≥1
(−ξ)k
k!
bˆ∗k(ζ − ξ) +
∑
k≥1
(−ξ)k
k!
(cˆ∗ ∗ bˆ
∗k)(ζ − ξ), (8)
which is holomorphic in C×C. Let Γ˜ denote a parametrization of the path obtained by concate-
nating the line segment (0, 1], the path Γ and the line segment [ω + 1, ω]. Then
SΓω,0 = 2πi contΓ˜ bˆα(ω),
SΓω,k = 2πi
∫
∆
Γ˜,k
contΓ˜ bˆα(ξ1)
Kα(ξ1, ξ2) · · ·Kα(ξk−1, ξk)Kα(ξk, ω)
(eξ1 − 1) · · · (eξk−1 − 1)(eξk − 1)
dξ1 ∧ · · · ∧ dξk, k > 1,
with the notation ∆Γ˜,k :=
{ (
Γ˜(s1), . . . , Γ˜(sk)
)
| s1 6 · · · 6 sk
}
for each positive integer k.
Observe that, according to (7), each coefficient SΓω , and in particular each E´calle-Voronin
invariant, can be obtained as the convergent series of these “residua” SΓω,k.
Proof of Addendum to Theorem 1. The normal convergence of the series (8) follows easily from
the estimates available for the convolution of entire functions (see inequality (9) in [DS13]), and
the Borel counterpart of Bα is the integral transform with kernel function Kα, hence
contγ Bˆαφˆ
(
γ(s)
)
=
∫ s
0
Kα
(
γ(σ), γ(s)
)
contγ φˆ
(
γ(σ)
)
γ′(σ) dσ (9)
for any 2πiZ-resurgent φˆ and any path γ : (0, ℓ] → Clog (with any ℓ > 0) whose projection
onto C avoids 2πiZ and which starts as γ(s) = su0 for s > 0 small enough (with fixed u0 ∈ C
∗).
Writing Φ˜k = Eβ(BαEβ)
kbα, by repeated use of (9), we obtain an explicit formula for the
analytic continuation of its Borel transform: for any ζ close enough to the endpoint of a path γ
as above,
contγ Φˆ0(ζ) =
1
eζ − 1
contγ bˆα(ζ),
contγ Φˆk(ζ) =
1
eζ − 1
∫
∆γ,k
contγ bˆα(ξ1)
Kα(ξ1, ξ2) · · ·Kα(ξk−1, ξk)Kα(ξk, ζ)
(eξ1 − 1) · · · (eξk−1 − 1)(eξk − 1)
dξ1 ∧ · · · ∧ dξk, k > 1,
with the notation ∆γ,k :=
{ (
γ(s1), . . . , γ(sk)
)
| s1 6 · · · 6 sk
}
. The conclusion follows.
5
Figure 1: Deformation of the contour.
Theorem 1 implies Theorem 2. For all m ≥ 1 we set ωm := 2πim and Φ˜
(m) := z−αm{ϕ˜}Nm with
αm := −ρωm and Nm := max{0,−2Reαm}. By [DS13] we know that ϕˆ is of finite exponential
type in non-vertical directions; we fix θ+ ∈ (0, π2 ), θ
− ∈ (π2 , π) and Q
low
R :=
{
z ∈ Clog | arg z ∈
(−θ+ − π2 ,−θ
− + π2 ), Re(z e
iθ+) > R, Re(z eiθ
−
) > R
}
, with R large enough. Identifying
z ∈ QlowR with its projection in C, we have Im z < 0 and the branches of log used in v
+
∗ and v
−
∗
differ by −2πi; for m0 ≥ 1, deforming the contour of integration (see Figure 1), we get
v+∗ (z)− v
−
∗ (z) = −2πiρ+ (L
+ − L−)ϕˆ(z)
= −2πiρ+
(
m0∑
m=1
∫
γm
+
∫
γ˜m0
)
e−zζϕˆ(ζ) dζ = −2πiρ+
m0∑
m=1
Im +O(e
(2πm0+π) Im z),
with Im =
∫
γm
e−zζ contΓm ϕˆ(ζ) dζ =
∫
γm
e−zζ contΓm{ϕˆ(ζ)}Nm dζ. Since each γm can be ex-
pressed as the difference of two paths to which Lemma 1 applies, we have
Im = z
αm
∫
γm
e−zζ contΓm Φˆ
(m)(ζ) dζ.
Denoting byH− a θ−-rotated Hankel contour, we get Im = z
αm e−ωmz
∫
H−
e−zζ contΓm Φˆ
(m)(ωm+
ζ) dζ = SΓmωm e
αm log z−ωmz−ωmL−ϕˆ by Lemma 2 and (7) (Borel-Laplace summation commutes
with exponentiation—see e.g. [Sau14a]). Thus
(hlow∗ − id) ◦ v
−
∗ = v
+
∗ − v
−
∗ = −2πiρ+
m0∑
m=1
SΓmωm e
−ωm(−2πiρ+v
−
∗
) +O(e(2πm0+π) Im z) on QlowR ,
whence A−m = S
Γm
ωm
e2πiρωm for m > 0. The case m < 0 is similar, except that, on the domain
QupR defined analogously with −π < θ
− < −π2 < θ
+ < 0, the two branches of log used in v±∗
match and the orientation of the paths differs.
Proof of Theorem 1. First observe that bα ∈ z
−β−2
C{z−1} because b∗ and [ϕ˜]N ∈ C{z
−1} hence
bN ∈ C{z
−1}, and
bN = Cid−1{ϕ˜}N − Cid+b{ϕ˜}N ∈ z
−N−2
C[[z−1]].
Thus the formal series Φ˜k are well defined in z
−β−1
C[[z−1]]; they are 2πiZ-resurgent because
this property is preserved by Eβ and Bα (Lemma 3) and we start with BΦ˜0 = Eˆβ bˆα =
bˆα(ζ)
eζ−1
6
meromorphic on Clog. Their (ω,Γ)-simplicity and the existence of contants S
Γ
ω,k such that (6)
holds result by induction on k (using the fact that BωΨ˜k ∈ z
−2
C[[z−1]] for all k) from
Lemma 4. If φ˜ is (ω,Γ)-simple, then so is Bαφ˜, with A
Γ
ω Bαφ˜ = B
ω A Γω φ˜. If moreover A
Γ
ω φ˜ ∈
z−2C[[z−1]] ( i.e. c = χˆ(0) = 0 in (1)), then also Eβ φ˜ is (ω,Γ)-simple and A
Γ
ω Eβφ˜−EA
Γ
ω φ˜ is
a constant.
Proof of Lemma 4. The first identity results from Lemma 3 and e−ωbcα = e
−ωb∗ . For the second
one, in view of (1), the analytic continuation of BEβφ˜ is contΓ Eˆβ φˆ(ω + ζ) =
χˆ(ζ)
eζ−1
log ζ
2πi +
Rˆ(ζ)
eζ−1
,
hence A Γω Eβφ˜ = EB
−1χˆ+ 2πiRˆ(0).
We finish the proof of Theorem 1 by estimating Φˆk := BΦ˜k by means of the recursive formula
Φˆk = EˆβBˆαΦˆk−1.
Lemma 5. For 0 < ε < 1, L > 1, let R˜ε,L denote the set of all naturally parametrised paths
γ : (0, ℓ(γ)] → Clog, where ℓ(γ) < L is the length of γ, for which there exists θ ∈ [−π, 3π]
such that γ(s) = s eiθ for s ≤ ε and dist
(
γ(s), 2πiZ
)
> ε for s ≥ ε. For any integer ℓ ≥ 0,
let Vε,L;ℓ denote the space of all φˆ ∈ ζ
β+ℓ
C{ζ} admitting analytic continuation along the paths
of R˜ε,L and such that ‖φˆ‖ε,L;ℓ := sup
{
s−Reβ−ℓ|contγ φˆ
(
γ(s)
)
|, for γ ∈ R˜ε,L and s ∈
(
0, ℓ(γ)
] }
is finite. Then the operator EˆβBˆα leaves invariant the spaces Vε,L;ℓ and, for each ε and L, there
exists M(ε, L) > 0 such that
‖EˆβBˆαφˆ‖ε,L;ℓ ≤
M(ε,L)
Reβ+ℓ+1‖φˆ‖ε,L;ℓ for all φˆ ∈ Vε,L;ℓ and ℓ ≥ 0.
Proof of Lemma 5. One can find κ = κ(ε, L) > 0 such that, for each γ ∈ R˜ε,L and s ∈ (0, ℓ(γ)],
|γ(s)| ≥ κs (because arg γ(s) is uniformly bounded). LetM0 =M0(ε, L) := sup
{ ∣∣∣ ζeζ−1
∣∣∣, for |ζ| <
L, dist
(
ζ, 2πiZ∗
)
> ε
}
. From (9), we get ‖Bˆαφˆ‖ε,L;ℓ+1 ≤
NL
Reβ+ℓ+1‖φˆ‖ε,L;ℓ with NL :=
sup|ξ|,|ζ|<L{ |K(ξ, ζ)| }, and ‖EˆβBˆαφˆ‖ε,L;ℓ ≤
NLM0
κ(Reβ+ℓ+1)‖φˆ‖ε,L;ℓ.
We have
∣∣∣ αα+N+1 ∣∣∣ < 1 because Reα > −N+12 . Let us choose an integer d ≥ 0 so that
M(ε,L)
Reβ+d+1 ≤ Λ := max
{∣∣∣ αα+N+1 ∣∣∣, 12}. For any φˆ ∈ ζβC{ζ}, we use the notation
φˆ =
[
φˆ
]
d
+
{
φˆ
}
d
,
[
φˆ
]
d
∈ Ed := Span(ζ
β, ζβ+1, . . . , ζβ+d−1),
{
φˆ
}
d
∈ ζβ+dC{ζ}.
Now φˆ ∈ ζβ+dC{ζ} ⇒ Bˆαφˆ = α1∗φˆ+O(ζ
β+d+2) ⇒ EˆβBˆαφˆ =
α
ζ
1∗φˆ+O(ζβ+d+1) ∈ ζβ+dC{ζ},
thus [
Φˆk
]
d
= A
[
Φˆk−1
]
d
,
{
Φˆk
}
d
=
{
EˆβBˆα
[
Φˆk−1
]
d
}
d
+ EˆβBˆα
{
Φˆk−1
}
d
,
where A ∈ EndEd is defined by Aφˆ :=
[
EˆβBˆαφˆ
]
d
and has a triangular matrix in the basis
(ζβ, ζβ+1, . . . , ζβ+d−1), with Aζβ+ℓ = λℓζ
β+ℓ
(
1 + O(ζ)
)
, λℓ :=
α
β+ℓ+1 , ℓ = 0, . . . , d − 1. By the
choice of β, the eigenvalues have modulus |λℓ| ≤ Λ, hence ‖
[
Φˆk
]
d
‖ = O(Λk) for any norm on Ed.
Since φˆ ∈ Ed 7→
{
EˆβBˆαφˆ
}
d
∈ Vε,L;d is linear, we can find C
′
0 such that ‖
{
EˆβBˆα
[
Φˆk−1
]
d
}
d
‖ε,L;d ≤
C ′0Λ
k for all k ≥ 1, hence ‖
{
Φˆk
}
d
‖ε,L;d ≤ C
′
0Λ
k+Λ‖
{
Φˆk−1
}
d
‖ε,L;d. We thus get ‖
{
Φˆk
}
d
‖ε,L;d ≤(
‖
{
Φˆ0
}
d
‖ε,L;d+C
′
0k
)
Λk for all k ≥ 0 and, increasing slightly Λ, the desired bounds for
∣∣∣contγ Φˆk∣∣∣.
7
By uniform convergence, we can now define a function Φˆ =
∑
k≥0 Φˆk ∈ ζ
β
C{ζ}, whose
inverse formal Borel transform Φ˜ ∈ z−β−1C[[z−1]] satisfies Φ˜ = Eβbα + EβBαΦ˜, whence
Cid−1Φ˜ = cαCid+bΦ˜ + bα.
Multiplying both sides by zα(1 − z−1)α, we find that ψ˜ := zαΦ˜ ∈ z−N−1C[[z−1]] satisfies
Cid−1ψ˜ = Cid+bψ˜+ bN , an equation of which {ϕ˜}N is the unique solution in z
−1
C[[z−1]], hence
Φ˜ = z−α{ϕ˜}N .
The estimates for the Φˆk’s imply similar estimates for the monodromies χˆk := Aˆ
Γ
ω Φ˜k, and
hence for the residues SΓω,k of the functions contγ Φˆk(ω+ ζ)− χˆ(ζ)
log ζ
2πi . Equation (7) follows by
uniform convergence.
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